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Geometry of semi-Invariant Submanifolds of a
Riemannian Product Manifold

MEHMET ATCEKEN

ABSTRACT. In this paper, we show new results on semi-invariant sub-
manifolds of a Riemannian product manifold and introduce equations
related with geometry of semi-invariant submanifold in real product
space forms. We characterize and study the geometry of the semi-
invariant submanifolds in a Riemannian product manifold.

1. INTRODUCTION

The notion of a semi-invariant submanifold do not seem to be widely used
in the literature and in fact that papers directly related to the problems are
scarce so far.

The geometry of invariant submanifolds inherits almost all properties of
the ambient manifold and the study of invariant submanifolds is not so
interesting from point of view of the geometry of submanifolds. On the
other hand, the theory of anti-invariant submanifolds is very nice topic in
modern differential geometry and it has been studied by many geometers
since 1970.

Generalizing the geometry of invariant and anti-invariant submanifolds
ideas, A. Bejancu defined CR-submanifold in almost Hermitian (Kaehlerian)
manifolds and defined semi-invariant submanifods of locally product Rie-
mannian manifolds [1|. Similar definitions were applied to submanifolds of
almost contact metric manifolds.

Firstly, S. Tachibana |7]| introduced and studied a class of locally Rie-
mannian product manifolds. After, A. Bejancu [1] and K. Matsumoto [3]
defined and studied the geometry of semi-invariant submanifolds of locally
Riemannian product manifolds.

In [6], X. Senlin and N. Yilong defined invariant submanifolds of two Rie-
mannian product manifolds and shown that it could be written as product
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24 GEOMETRY OF SEMI-INVARIANT SUBMANIFOLDS...

of two manifolds. Also, they researched pseudo-umbilical invariant subman-
ifold of a Riemannian product manifold.

In [5], we defined semi-invariant submanifolds of a Riemannian product
manifold and we studied the geometry of these type submanifolds. Because,
many papers on these type submanifolds have been published and are go-
ing to published proving that the topic is a very interesting in differential
geometry. In [5], we defined and studied the geometry of semi-invariant
submanifolds of a Riemannian product manifold and obtained many very
interesting results. Necessary and sufficient conditions are given on semi-
invariant submanifold of a Riemannian product manifold to be a locally
Riemannian product manifold. Moreover, on integrability of invariant dis-
tribution and anti-invariant distribution were investigated.

In this paper, we get on studying the geometry of semi-invariant subman-
ifolds of a Riemannian product manifold and characterize semi-invariant
submanifold. Necessary and sufficient conditions are given on submanifold
of a Riemannian product manifold to be semi-invariant submanifold. More-
over, we give two examples for semi-invariant submanifold of Riemannian
product manifold to illustrate our results.

2. PRELIMINARIES

In this section, we give the definitions and terminology used throughout
this paper. We recall some necessary facts and formulas from the theory of
submanifolds in any Riemannian manifold. For an arbitrary submanifold M
of any Riemannian manifold M, the Gauss and Weingarten formulas are,
respectively, given by formulas

(1) VxY =VxY +h(X,Y)
and
(2) VxV = —AyX + V%V,

for any vector fields X,Y tangent to M and V normal to M, where V, V
denote the Levi-Civita connections on M and M, respectively. Moreover,
h:T(TM) x I'(TM) — T(TM™) is the second fundamental form of M
in M, where I'(T M) denote the Lie algebra of vector fields on M. V+ is
the normal connection on the normal bundle T'(TM*) and Ay is the shape
operator of M with respect to V. Furthermore, Ay and h are related by
formula

(3) g(AvX,Y) = g(h(X, Y)7V)v

for any X,Y € I'(TM) and V € I'(TM~), where g denotes the Riemannian
metric on M as well as M.

Now, we denote the Riemannian curvature tensors of the connections V
and V by R and R, respectively, then the equations of Gauss, Codazzi and
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Ricci are, respectively, given by formulas

g R(X,Y)Z, W) =g(R(X,Y)Z, W)+ g(h(X,W),h(Y, Z))

@ — g(h(X, 2), h(Y, W),

(5) g(R(X,Y)En) = g(R(X,Y) ¢, n) — g([4e, 4] X, Y)
and

(6) {R(X,Y)Z}" = (Vxh)(Y,Z) — (Vyh)(X, Z),

for any vector fields X,Y, Z, W tangent to M and &, n, normal to M, where
{R(X,Y)Z}* denotes the normal component of R(X,Y)Z and the covariant
derivative Vh is defined by

(7) (Vxh)(Y, Z) = Vxh(Y,Z) = h(VxY,Z) = h(Vx Z,Y)

for any vector fields X,Y, Z tangent to M [4].

Definition 2.1. Let M be an n-dimensional submanifold of any Riemannian
manifold M. The mean-curvature vector field H of M is defined by formula

1 n
H=-— > hlejre;),
j=1

where, {e;}, 1 < j < n, is a locally orthonormal basis of I'(T'M). If a
submanifold M has one of the conditions

h=0, H=0, h(X,Y)=g(X,Y)H, \e€ C*(M,R),
then it is said to be totally geodesic, minimal and totally-umbilical subman-

ifold, respectively, [4].

Furthermore, the norm of h is defined by

n

(8) 1R1% =Y g(h(ei,¢j), hleiez).

1,j=1

3. THE RIEMANNIAN PRODUCT OF THE RIEMANNIAN MANIFOLDS

Let (M, g1) and (Mz, g2) be the Riemannian manifolds with dimensions
my, ma, respectively and M; x My be the Riemannian product manifold of
the Riemannian manifolds M; and M. We denote the projections mappings
of T(T(M; x Ms)) onto I'(TMy) and I'(T'Ms) by 7, and o, respectively,

then we have
Ty + 0 = 1, ﬂ'f = T4, af =0y, and 700, = o.0my, = 0.

_ The Riemannian metric tensor of the Riemannian product manifold M =
My x My is given by

9(X,Y) = g1 (m X, m.Y) + g2(04.X, 0.Y),
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for any vector fields X,Y tangent to M. From the definition of g, M and
Ms are totally geodesic submanifolds of My x Msy. Setting F' = 7, — 0y,
then we can easily see that F? = I and g satisfies

9) g(FX,Y)=g(X, FY),

for any vector fields X,Y tangent to M. Thus F defines a Riemannian
almost product structure on M. Furthermore, we denote the Levi-Civita
connection on M by V, then we have

(10) (VxF)Y =0

for any vector fields X,Y tangent to M. (For the more detail, we refer the
readers to [6]).

In the rest of this paper, we denote the Riemannian product manifold
(My X M, 51 ® g2) by (M, g). B

If Mi(c1) is a real space form with sectional curvature ¢; and Ms(cz) is a
real space form with sectional curvature ca, then the Riemannian curvature
tensor R of M = M;(c1) x Ma(cp) is given by
(11)

R(X,Y)Z = (e1 + (oY, 2)X — g(X, 2)Y +g(FY, 2)FX

—g(FX.Z)FY} + {(er — e)){g(FY. 2)X ~ g(FX, 2)Y
+g(Y, Z)FX — g(X, Z)FY}

for any vector fields X,Y and Z tangent to M [4].

4. SEMI-INVARIANT SUBMANIFOLDS OF A RIEMANNIAN PRODUCT
MANIFOLD

Definition 4.1. Let M be a Riemannian product manifold with Riemann-
ian almost product structure F. A submanifold M of M is called a semi-
invariant submanifold of M if there exists a differentiable distribution;
D:x— D, CTy(M) on M satisfying the following conditions:

i) D is a invariant distribution, i.e., F'(D,) C D,, for each x € M, and
ii) the complementary orthogonal distribution of D D+ : z — D C
Ty (M) is an anti-invariant, i.e., F(DL) C T,(M)*, for each z € M.

In the sequel, we put dim (M) = m, dim(M) = n, dim(D) = p, dim(D+) =
q and codim(M) = m —n. If ¢ = 0, then semi-invariant submanifold M
is called an invariant submanifold of M, and if p = 0, then M is called an
anti-invariant submanifold of M. If pg # 0, then M is said to be proper
semi-invariant submanifold.

Now, we suppose that M is a proper semi-invariant submanifold of Rie-
mannian product manifold M and denote the orthogonal complementary of
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F(D%+) in TM* by v, then we have direct sum
(12) TM* = F(DH) @ v

We can easily see that v is an invariant vector subbundle with respect to F'.
For any vector field X tangent to M, we put

(13) FX = fX +wX,

where fX (resp. wX) is the tangential (resp. normal) part of FX.
Similarly, for any vector field V normal to M, we put

(14) FV = BV +CV,

where BV (resp. C'V) is the tangential (resp. normal) part of F'V.

For any vector fields X and Y tangent to M, we have g(FX,Y) =
g(fX,Y) which shows that g(fX,Y) is symmetric. Similarly, for any vec-
tor fields U and V normal to M, from (9) and (14), we have g(FV,U) =
g(V,CU), which shows that g(CV,U) is also symmetric.

Furthermore, for any vector field X tangent to M, we have

X = f2X 4+ BwX and wfX +CwX =0
or,
(15) I=f?+Bw and wf+ Cw=0.
In the same way, for any vector field V' normal to M, we get
V =wBV 4+C?*V and fBV +BCV =0
or,
(16) I=wB+C? and fB+ BC =0.

Example 4.1. Considering in R® = R® x R the submanifold M given by
the equations

1 2
:L'4=3L‘1-|-§(ZL‘2+:E3) , T5+x6 =0.

Then we have

o 0 0
TM = =g -t U= Iy
PR {UI 0x1 * Oxy 2 O0xa * (x2 * x3)8$4,
Ly S A
5T Omy T 0™ T By g
and
o 9 9
L Kl o
™ span{V1 AR P R
o 9
‘@—a%%xﬁ}'

It follow that D = span{ui,us,us}, D+ = span{us}. Thus M is a 4-
dimensional semi-invariant submanifold of R,
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Now, we give a characterization for semi-invariant submanifold in a Rie-
mannian product manifold.

Theorem 4.1. Let M be a submanifold of a Riemannian product manifold
M. Then M is a semi-invariant submanifold if and only if wf = 0.

Proof. We suppose that M is a semi-invariant submanifold of M and de-
note the projection operators on the distributions D and D+ by P and Q,
respectivey, then we have

P+Q=1, P’=P, @Q*=Q and PQ=QP =0.

For any X € I'(TM). For X = PX + QX, we can write

FX =FPX+FQX

fX+wX =fPX+w@QX, wPX =fQX =0.

Thus we can infer fX = fPX, i.e., fP = f which implies that QfP =
Qf = 0. By using (15), we have wfP + CwP = 0. Since wP = 0, we
conclude
(17) wf=0.

Conversely, Let us suppose that a submanifold M of a Riemannian product
manifold M and wf = 0. So from the right side of (15) we have

(18) Cw =0.
Furthermore, for any vector field X tangent to M and vector field V' normal
to M, we have

g(X,BV) =g(wX,V)

and
g(X,FBV) =g(FwX,V)

9(X, fBV)=g(CwX,V) =0,
which gives us

(19) fB=0.

From (16) and (19), we can derive

(20) BC =0.

From the equations (15) and (16), respectively, we get
(21) fP=f and C*=C.

If we put

(22) P=f* Q=I-P,

then we can easily to see that
P+Q=1I P’=P Q*=Q, PQ=QP=0,

which show that P and () are orthogonal complementary projection opera-
tors and define complementary distributions such as D and D=, respectively.
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Since wf is identically zero, from the equations (21) and (22) we can
derive
fP=f fQ=0 QfP=0 and wP =0.
These equations show that the distributions D is an invariant and the distri-
bution D is an anti-invariant. This completes the proof of the theorem. [

Now, for any vector fields X,Y tangent to M, we have
VxFY =FVxY
VxfY +VxwY = FVxY + Fh(X,Y)
VxfY +h(X,fY) = Ay X + VxwY = f(VxY) 4+ w(VxY) + Bh(X,Y)
+ Ch(X,Y)
WX, fY) + (Vxf)Y — Ay X + (Vxw)Y = Bh(X,Y) + Ch(X,Y).

Comparing the tangential and normal parts of the both sides of this last
equation, we infer

(23) (Vx[f)Y = Aoy X + Bh(X,Y)
and
(24) (Vxw)Y = Ch(X,Y) — h(X, fY),

where the derivations of f and w are, respectively, defined by

(Vx )Y =Vx[fY - f(VxY),
(Vxw)Y = VywY —w(VxY).

Definition 4.2. The Riemannian almost product manifold M is said to be
a locally Riemannian product manifold if the Riemannian almost product
structure F' on M has no torsion, that is, (?XF)Y =VxFY—-FVxY =0.
In this case F' is called integrable, In other words the tensor [F, F| vanishes
identically on M, where [F, F] is the Nijenhuis tensor of F.

On the other hand, for a semi-invariant submanifold M of M, If the
distribution D is integrable and the Riemannian almost product structure
f induced on each integral submanifold of D is integrable, then we say that
structure f is partially integrable.

The vector fields X, Y tangent to D, if [X,Y] € T'(D), then D is called
completely integrable.

Lemma 4.1. Let M be a semi-invariant submanifold of a Riemannian prod-
uct manifold M. For any vector fields X,Y tangent to D+, we have

(25) AuxY = —Auv X,
Proof. For any vector field Z tangent to M, we have
g(VzH)XY)=9g(VzfXY)—g(fVzX)Y)
=0—-g(VzX,fY)=0,
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for any vector fields X,Y € I'(D+) and Z € I'(TM). By using (23), we have
0=9((Vzf)X,Y) = g(AuxZ+Bh(X,Z),Y) = g(Aux Z,Y)+g(BNX, Z),Y).
Since A, x is self-adjoint, we have

9(AuxY, Z) = —g(BMX, 2),Y) = —g(h(X, Z),0Y) = —g(Auy X, Z)
which proves our assertion. O

Thus we have the following theorem.

Theorem 4.2. Let M be a semi-invariant submanifold of a Riemannian
product manifold M. Then the distribution anti-invariant D+ is completely
integrable if and only if AF(DL)DJ_ = {0}.

Proof. For any vector fields X and Y tangent to I'(D1), by using (23) we
have
FIX.Y] = F(VxY) = f(VyX) = VxfY = (Vxf)Y + (Vy )X — Vy X
= (Vv )X = (Vx /)Y
= AuxY + Bh(Y, X) — Ayy X — Bh(X,Y)
— AuxY — Auy X = 24,xY,

which gives the proof of Theorem. O

Example 4.2. Let M; be R? with g; given in the canonical coordinates
10 Y

(z,y,z) by matrix, | 0 1 0 and Ms be R? with its canonical euclid-
y 0 1442

ian metric as go. Let us denote by (f1, f2, f3) the canonical basis of M7 = R?
and by (ff, 5, f;) the canonical basis of My = R3. Let us set M =
span{ey, ez, e3} C My x Ma with ey = fi,ea = fo+ f5 and e3 = f3+ f. Let
us set, at each point of M, D = span{e;}. Then M semi-invariant subman-
ifold, as F'(D) = D and D+ = span{es, e3 — ye1} = span{fo + f3, f3 + f5 —
yf1}. Thus F(D+Y) = span{fg — f3, fs— f3 —yfi}. We can easily see that

9(f2 — f3,e1) = q1(fa, f1) =

(
9(f2 = f3,e2) = q1(f2, f2) — (fzafz)
9(f2 — 2763) 91(f2,e3) =
9(fs — f3 —yfr,er) = qi(fs — yfhfl) y =0,
9(fs — f5 —yf.e2) = g1(fs —yf1, f2) = 0
9(fs — f3 yfi.es) = g1(fs —yfi. f3) —g2(fa. f3) = 1+ y*) —yy—1=0.

Now, (z,y,z) are also coordinate functions on M and D+ = kera with
a =dx+ydz. As da = dy Adz, a Ada # 0. Thus D' is not integrable.
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Remark 4.1. It is well known that in the complex geometry, the invari-
ant distributions of a CR-manifold are always even dimensional and the
anti-invariant distribution D is completely integrable. However, in the
Riemannian product manifolds, these cases are quite different from com-
plex case. For instance, in the Riemannian product manifold, the invari-
ant distribution D and the anti-invariant distribution D+ may be even or
odd dimensional and D= is not necessarily integrable. For instance, in Ex-
ample 4.1, semi-invariant submanifolds is even dimensional(dim(D) = 3,
dim(D+) = 1), while in Example 4.2, semi-invariant submanifold is odd
dimensional(dim(D) = 1, dim(D+) = 2). Thus we conclude that there
are even and odd dimensional semi-invariant submanifolds in Riemannian
product manifolds.

Theorem 4.3. Let M be a semi-invariant submanifold of a Riemannian
product manifold M. Then the structure f is partially integrable if and only
if the second fundamental form of M satisfies

(26) X, fY) =h(fX,Y),
for any vector fields X and Y tangent to D.

Proof. Let X and Y be vector fields in D. By using (25), we have

WX, Y] =w(VxY) —wVyX = (VLw) X — (Viw)Y
=ChY,X) - h(Y, fX) - Ch(X,Y) + h(X, fY)
= h(X, fY) = h(Y, [ X).

Thus the distribution D is integrable if and only if (26) holds. In this case,
the integral submanifold M; of D is an invariant submanifold and M; is
also a Riemannian product manifold, that is, f define a Riemannian almost
product structure on M; and it is integrable on M;. Consequently, f is
partially integrable if and only if (26) holds.

O

Taking into account that the curvature tensor field of Mj(c1) x Ma(co) is
given by (11), we have special forms for the structure equations of Gauss,
Codazzi and Ricci the submanifold in M = Mj(c;) x Ma(cz). By direct
calculations, the equation of Gauss is given by
(27)

R(X,Y)Z = (a1 + ){g(¥, 2)X — g(X,2)Y +9(fY, 2)[X — g(fX, 2)fY}

(e =)oUY )X ~ g(f X )Y +9(Y, 2)X ~ (X, 2)fV)

+ Any,yX — Anx,2)Y
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for any vector fields X,Y and Z tangent to M, where R is the Riemannian
curvature tensor of M. The equation of Codazzi for semi-invariant subman-
ifold M is given by

(28)

(Vxh)(Y: 2) — (Vyh)(X, Z) = F(er + ex}{g(Y, Z)oX — g(fX, 2wV}

- %(01 —e){g(Y, Z)wX — g(X, Z)wY}.

Finally, the Ricci equation of M becomes
(29)

1
g(RH(X,Y)V,U) + ¢([Av, AV]X,Y) = glate){g@Y,VigwX,U)
—9(wX,V)g(wY,U)}
for any vector fields X, Y tangent to M and U,V normal to M.

Theorem 4.4. Let M be a semi-invariant submanifolds of a Riemannian
product manifold M. Then M is a semi-Riemannian product if and only if
the second fundamental form of M satisfies

(30) hfX,U) = Ch(X,U),
for any X € I'(D) and U € I'(T'M).

Proof. Let M be a semi-invariant product in M. Then the leaves of dis-
tributions D and D are total geodesic in M. Thus for any vector fields
X €eT(D) and U € T'(T M), we have

VuoFX =FVyX
(31)  VufX+h(fX,U)=FVyX + Fh(U,X)
= fVuX +wVyX + Bh(U, X) + Ch(U, X).

Comparing the tangent and normal parts of the equation (31), respectively,
we get

(32) (Vuf)X =Bh(U,X), w(VyX)=0
and
(33) h(fX,U)=Ch(U,X).

Conversely, we assume that (30) is satisfied. Then for any vector fields
X,Y € (D) and Z € T'(D"), we have

g(vXY7Z) = g(?ny Z) - g(vXFY7FZ) :g(?XfYﬂUZ)
=g(h(X, fY),wZ)=g(Ch(X,Y),wZ) = 0.
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Similarly, for any vector fields Z, W € I'(D*) and X € T'(D), we get

9(VwZ,X)=9(VwZ,X) = —g(VwX,Z) = —g(VwF X, FZ)
= *g(vaXﬂ'dZ) = —g(h(fX,W),wZ)
= —g(Ch(X,W),wZ) =0,

that is, VxY € I'(D) and VyZ € I'(D+). Thus M is a semi-Riemannian
product. O

Theorem 4.5. Let M be a semi-invariant submanifolds of a Riemannian
product manifold M = M;j(c1) x Ma(co). Then Ricci tensor and scalar
curvature of M satisfy

S(X.X) = ~(e1 + e){(n— 2||X|? + tr(F)g(FX, X)}

4

(34) + 3@1 — eo){(n — 2)g(FX, X) + tr(F)|| X |*}
+ng(h(X, X), H) — |h(X, e)])>

and

w T Fer+e)nln —2) + (irF)?) + 3 (e1 — ea)(n — 1)ir(F)

+n?|H|? — ],
respectively, where T is the scalar curvature of M.
Proof. By using (27), we get
S(X,X)=g(R(e;, X)X,e;), for ie{1,2,...n},
which gives us (34). From 7 = S(e;, e;), for j € {1,2,...,n}, we get (35). O

Thus we have the following proposition.

Proposition 4.1. Let M be a n-dimensional semi-invariant submanifold
of a Riemannian product manifold M = My (c1) x Ma(cz). If M is totally
geodesic and tr(F) = 0, then the Ricci tensor and scalar curvature of M
satisfy

1) 8(,) = 3(n = 2){(c1 + e2)g(,) + (1 — e2)g(F-, )},
2) 7= 1(c1 +co)n(n—2).

Theorem 4.6. Let M be a n-dimensional submanifold of a Riemannian ~
product manifold M = My (c1)x Ma(co). If M is anti-invariant and 2dim (M )=dim (M ),
then M has constant sectional curvature with i(cl + ¢2).
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(
(h(Y, )wX) 9(h(X, Z),wX)
(Fh(Y,Z),X) - g(Fh(X, Z),Y)

(F(VyZ =VvZ),X) - g(F(VxZ - VxZ),Y)
(VyFZ,X)—g(VxFZ,Y)

( ywZ,X) — g(VxwZ,Y)

A,zY, X) +9(AuzX,Y) =0,

|
@
r\<ll

which is equivalent to

From (25) and (36), we conclude A,xY =0, for any X,Y € I'(T'M).

Since 2dim (M) = dim(M), the normal space T+ M is spanned by
{wX : X € T(TM)}. Thus M is totally geodesic in M. By using (27), we
obtain

1
(37) R(X,Y)Z = (e1 +e){o(Y, 2)X — g(X, Z2)Y},
for any X,Y,Z € T'(T'M), which proves our assertion. O
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